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THEORETICAL ANALYSIS OF THE TENSILE STRENGTH OF A POWER BED 

J.Tsubaki and G. Jimbo 
Department of Chemical Engineering, 
Nagoya University , Nagoya 464, Japan 

Abstract 

The authors have proposed an experimental equation which correlates 
the tensile strength of a powder bed measured by split cell methods with 
the porosity of a powder bed. In this report, the authors discuss the 
relationships between the porosity and the pre-compressive stress and 
also between the tensilestrength and the pre-compressive stress. As 
the results of this discussion, the physical base of the proposed ex- 
perimental equation is proved theoretical ly _ 

Furthermore, it has also been proved that the pre-compression of a POX- 
der bed brings not only the decrease of the porosity but also the in- 
crease of compressive force at the contact point of particles, and 
therefore theincrease of tensile strength by increasing pre-compression 
force cannot be explained simply by the change of the porosity, and 
then another factor, such as the compressive force at the contact 
point, must be considered_ 

Introduction 
As one of the most fundamental characteristics of the mechanical property 
of a powder bed, the tensile strength has widely been accepted and used 
in powder technology . Since the Warren-Spring type spl it ccl 1 tensi le 
tester was proposed, there have been proposed and developed various 
kinds of measuring methods, and the measured results have been accu- 
mulated. The results of cooperative work of the Horking Party on Powder 
Properties in the Society of Powder Technology, Japan, might be the 
most typical one Cl] _ And the recent trials of carrel ating the relation- 
ship between the tensile strength and the porosity of a powder bed by 
the authors and others have shown tha t the rel ati onshi o can be presented 
as a straight 1 ine on a semi-l ogari thni c graph in a fa’i rly wide range of 
porosities, though the theoretical basis has not yet been found. This 
relationship was expressed in a simple equation, which was proposed as a 
new experimental equation by the authors (23 _ 

In this report, this new experimental equation is investigated and 
proved theoreti cai ly , and a new semi-theoretical equation is proposed, 
by introducing Rumpf’s equation into the experimental equation _ 
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Derivation of the semi-theoretical equation 

The authors 131 have confirmed experimentally with many powder samples 
that the relationship between the tensile strength o and the porosity E 
can be expressed by equation (1) in a fairly wide porosity region, ex- 
cept when the agglomeration phenomenon occurs. 

(3 = kI exp(-e/b) 

where kI and b are constants_ 
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Figure I Examples of tZze reZation&ip between the tensiZe strength 
and the porosity. 

In a tensi 1 e test, the porosity of the powder bed is usually control led by 
can be correlated pre-compression. Therefore, the tensile strenath cs 

to the pre-compressive stress p as shown in figure 
1 ati on can be expressed by the foil owing equation: 

2, and the corre- 

CJ = k2pm (2) 

where k2 and m are constants. 

On the other hand, the porosity E can be correlated to the pre-compres- 
sive stress p by the following equation as shown in figure 3: 

p = k3 exp(-c/c) (3) 

where k3 and c are constants. 

Therefore, the following equation can be deduced by substituting 
equation (3) into equation (2) : 

G = k2k3” exp(-m&/c) (4) 
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From comparison of equation (1) to equation (4), the following relat- 
ions are obtained: 

kI = k2k3" 

b = c/m 

(5) 

(6) 
If equations (5) and (6) are confirmed experimentally, equation (1) 
can be derived from equations (2) and (3). 

On the otherhand.Rumpf C41 has derived the following famous equation: 

0Zl-E 
71 k+ 

P 

(7) 

as the tensile strengthofapowder bed,where k, d and C are the 
average coordination number, the particle diametep and the adhesion 
force at the contact point of particles_ 
analysed the stress-strain 

But after that, Nagao 151 
relations of granular materials theoretical- 

ly and derived the same equation in general form. Molerus 161 also 
derived the same result in his theoretical research concerning the 
yield of cohesive powders. Furthermore, Kanatani C71 derived an equat- 
ion which can be coincided with Rumpf's equation, as a general equation_ 
Therefore, equation (7) can be used as the general equation of the 
relation of stress and force at the contact point of particles, irres- 
pective of tensile, compressive and shear stresses_ 

If we assume kc = X, equation (7) becomes as follows: 



-=-l/4.5 
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Figure 3 Emmples 0~" compressive properQ 

l--E 1 
"=Ep (8) 

P 

Moreover, it was found by the authors that the following approximate 
equation can be applied to the porosity region of about 0.4 CL O-9. 

(l-12)/~ = 10 exp(-4.5&) (9) 

Therefore, 
equation: 

equation (8) can be transformed into thefollowingpractical 

(J = 10 exp(-4.5E)X/dp2 (10) 

In the next step, by using the modified equation of generalized Rumpf's 
equation, equation (lo), the adhesion force C will be correlated to 
the pre-compressive force P. 
(10) as follows: 

C can be calculated by equations (1) and 

C = 0.1 kIdp * expC(4.Gl/b)=3 (II) 

P can also be calculated by equations (10) and (3) as follows: 

P = 0.1 k3dp * expI(4.5-l/c)e3 (12) 

Therefore, the relation of the adhesion force C and the pre-compressive 
force P is obtained as follows, by eliminating the porosity E from 
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equations (11) and (12): 

C = 1on-1 klk3-nd 2(1-n)pn 
P (13) 

where n = (4.5-l/b)/(4.5-l/c). 

On the other hand, the tensile strength o and the pre-compressive 
stress p in equation (2) are transformed into the adhesion force 1 and 

Fm( I--E) 
-comprfizfi ve force P respectively by equation (8) , and if 

is assumed to be 1.0, the following equation is obtained: 

C = k2dp 2( l-m)pm 
(14) 

Here, if equation (14), derived from equation (2), is confirmed by 
experimental data, it can be said that equation (2) explains the re- 
lationship between the pre-compressive force and the adhesion force at 
the interparticle contact point. 

Accordingly we propose here the new equation 

l-c p jrn 
“=Ek2?/ ( 

P 

as the semi-theoretical equation of the tensile strength of a powder 
bed. 

Experimental results 

The tensile strength was measured by the two types of split 
ers , namely, a modified bearing type [83 and a hanging type 

cell test- 
(Hosokawa 

Mi cromeri ti cs Laboratory, Co. ) . Both of them were horizontal split 
cells, and the direction of the pre-compressive stress was at a right 
angle-to that of the tensile stress. Sample powders were shown in table 1. 
In nos. 7 and 8, the sample powders were agglomerated on a sieve, and 
the size of aggregates was controlled about I mm by two sieves having 
different opening sizes. In nos. 18 Q_. 22, the moisture content was 
changed. The primary particle diameters and the values of the para- 
meters are summarized in tab1 e 1. 

The relations of equations (5) and (6) are shown in figures 4 and 5. 
As is obvious from figures 4 and 5, it can be said that equations (5) 
and (6) are confirmed experimentally considering the accuracy of the 
experiments. 

The relation of the pre-compressi ve force and the adhesion force is shown 
in figure 6. The plots in figure 6 are the calculation results of P 
and C by applying equation (10) to equations (1) and (3) respectively, 
and the solid lines are obtained by equation (13), and the dotted lines 
are calculated by equation (14). As is obvious from figure 6 the ap- 
proximate equation (14) derived from equation (2) is confirmed 
considering the accuracy of the experiments. Therefore, it can be said 
that equation (2) expresses the relation of pre-compressive force and 
the adhesion force. 



Table 1 Used sample powders and experimental results 

aPl 
bx102 cx102 m kl k2 k3 

No. Sample Powder hml [-I L-1 1-l [kPal [kPal'm] [kPa 1 

1 Kanto loam 
2 Kanto loam 
3 Kant0 loam 
4 Limestone 

: 
Limestone 
Fused alumina 

7 Agg. of K. L. 
8 Agg. of L. S. 
9 Lactose 

:: 
Limestone 
Fused alumina 

12 Limestone 
13 Kanto loam 
14 Smokeless coal 
15 Weak-coking coal 

:; 
Non-coking coal 
Brown coal 

18 Fly ash (0.3 %) 
19 Fly ash (0.54%) 
20 Fly ash (0.77%) 
21 Fly ash (1.0 %) 
22 Fly ash (1.3 %) 

2.0 4.21 
7.0 5.04 
30.0 3.60 

::; 
4.21 
5.82 

1.3 5.52 
2.0 3.47 
1.7 3.82 
46.9 5.69 
19.4 3.13 
6.2 7.64 
5.6 6.73 
2.0 4.21 
34.0 5.03 
30.0 4.69 
33.0 4.69 
32.0 3.54 
11.8 5.07 
11.8 7.28 
11.8 6.49 
11.8 6.62 
11.8 6.24 

2.91 0.718 1.98 E09 0.404 9.53 El3 
3.78 0.582 1.58 E07 0.547 2.45 El0 
1.17 0.285 1.39 E09 0.968 3.09 E28 
2.87 0.718 1.72 E09 0.404 1.09 El4 
3.78 0,602 3.52 E06 0.789 2.45 El0 
2.74 0.512 2.87 E07 1.91 2.54 El4 
3.04 0,948 6.82 El0 0.0900 4.19 El2 
3.78 0.917 6.89 E09 0.101 1.52 El1 
3.58 0,602 1.76 E05 0.441 1.26 E09 
1.87 0,515 3.44 E08 0.518 1.84 El5 
3.17 0,392 7.79 E04 1.25 7.44 El1 
3.47 0.643 5.07 E05 0.564 1.02 El1 
2.74 0.602 2,08 E09 0.726 6.58 El4 
2.52 0.448 3.83 E05 0.396 1.58 El2 
2.69 0.737 1.07 E06 0.169 1.50 El1 
3.34 0.737 1.42 E06 0.169 3.82 E09 
1.39 0.448 2.19 E08 0.396 8.24 E21 
1.52 0.270 1.34 E05 1.22 1.97 El7 
1.93 0.314 1.04 E04 1.27 2.69 El4 
2.87 0.397 6.68 E04 1.05 1.72 El1 
2.98 0,426 1.46 E05 1.34 2.02 El1 
3.32 0.507 8.09 E05 1.26 1.07 El1 
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From the above-mentioned, it can be concl uded that the relation of the 
tensile strength and the porosity, equation (l), is derived from the 
compressi ve property, equation (3) , and the rel ati on of the pre- 
compressive force and the adhesion force at the inter-particle contact 
point. 

Therefore, the semi-theoretical equation equation (15) proposed before 
in this paper is now proved experimentally. 
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Discussions 

The compressive property shown in figure 3 can be analysed by equation 
(10). If the pre-compressive force P is constant in spite of the pre- 
compressive stress and the porosity, the slope in figure 3 and there- 
fore parameter c of equation (3) is equal to 0.222 (=1/4.5) as estim- 
ated easily from equation (10). On the other hand, the values of c 
experimentally obtained are considerably smaller than 0.222 as is 
shown in table 1. Such smaller values of c mean that when the compres- 
sive stress increases the porosity decreases, but at the same time, 
the compressive force also increases much 1 arger. 
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Figure 6 ExcmpZes of the reZahkmship betseen the pre-conpressive 
J20ree and the adhesion force. 

On the other hand, since the adhesion force C increases with the pre- 
compressive force P as shown in figure 6, it is estimated that the 
adhesion force C decreases with the porosity E. Therefore, the relation 
of the tensile strength o and the porosity E shown in figure 1 is also 
analysed by equation (10). If the adhesion force C is constant in 
spite of the porosity, the slope in figure 1 and namely l/b of 
equation (1) is equal to 4.5. In comparison with the experimental 
results shown in table 1, the experimental values of l/b are 13 2. 32 
and approximately three to seven times as many as 4.5. From these 
values of l/b, it is concluded that the adhesion force c decreases 
with the porosity E, and the pre-compressive force P more largely af- 
fects the tensile strength CT than the porosity E. 

As above-mentioned, it has been concluded that the adhesion force in- 
creases with the increase of the pre-compressive force, but here both 
forces must have the same direction for. strict theoretical analysis. 
As the compressive stress acts on the sample powder bed vertically , and 
the tensile stress acts horizontally, in this experiment, the forces 
calculated from the stresses do not have the same direction. And in 
this case it is reasonable to consider that the force distribution 
around a particle is similar to the stress ellipsoid C5,61, except 
when the compressive force around a particle is isotropic. 
Therefore the correlation between C and P in this report must be con- 
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sidered to have strong limitation. However, if we can assume that the 
stress distribution in the split cell is estimated by Janssen's 
equation, the ratio of the horizontal force and the vertical force 
acting on a particle becomes Rankine's factor. Rankine'sfactors ofthe 
powder samples can be considered as almost the same, considering the 
accuracy of the experiments. Therefore the horizontal force is pro- 
portional to the vertical force, and then the correlation of C and P 
used in this report can reasonably be accepted. 

Takahashi 191 has derived the same relation to equations (5) and (6) 
from radial compression strength tests of uni -axial dry-pressed powders. 
Concl us i on 

The compressive propertyofapowder bed is analysed 
not only the porosity but also the force acting at 
contact point by the generalized Riimpf's equation. 

taking into account 
the interparticle 

The pre-compressive force at the interparticle contact point affects 
more strongly the tensile strength than the porosity does. 

The semi-theoretical equation of the tensile strength is proposed. 
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